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ABSTRACT

We extend the 2D wave-equation dispersion inversion (WD) method to 3D wave-equation

inversion of surface waves for the shear-velocity distribution. The objective function of

3D WD is the frequency summation of the squared wavenumber κ(ω) differences along

each azimuth angle of the fundamental or higher modes of Rayleigh waves in each shot

gather. The S-wave velocity model is updated by the weighted zero-lag cross-correlation

between the weighted source-side wavefield and the back-projected receiver-side wavefield

for each azimuth angle. The synthetic and field data examples demonstrate that 3DWD can

accurately reconstruct the 3D S-wave velocity model of a laterally heterogeneous medium

and has much less of a tendency to getting stuck in a local minimum compared to full

waveform inversion. It has nearly the same resolution as FWI and does not require the

modeling of true amplitudes in the arrivals.
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INTRODUCTION

Surface-wave methods are powerful tools for characterizing the near-surface S-velocity dis-

tribution. An advantage of surface-wave imaging over body-wave imaging is that the seismic

energy of surface waves spreads out as 1/r from the source, compared to the 1/r2 geomet-

rical spreading of body waves (Aki and Richards, 2002). Here, r is the distance along the

horizontal propagation path between the source and receiver on the free surface. Thus, the

recorded data are usually dominated by surface waves for a wide range of source-receiver

offsets within the time window of surface-wave arrivals. A practical use of surface waves is

that they can be inverted to detect shallow drilling hazards down to the depth on the order

of the dominant shear wavelength (Ivanov et al., 2013).

The conventional dispersion-inversion method calculates the S-wave velocity model di-

rectly from the surface-wave dispersion curves (Haskell, 1953; Xia et al., 1999, 2002; Park

et al., 1999) by assuming a 1D velocity beneath the recording data. Unfortunately, this

assumption is violated when there are strong lateral gradients in the S-velocity model, such

as faults, vugs or gas channels. To partially mitigate this problem, spatial interpolation

of 1D velocity models (Pan et al., 2016) and laterally constrained inversion (Socco et al.,

2009; Bergamo et al., 2012) can be used to compute an approximation to the 2D S-velocity

model.

As an alternative, full-waveform inversion (FWI) (Groos et al., 2014; Pérez Solano et al.,

2014; Dou and Ajo-Franklin, 2014; Groos et al., 2017) estimates the S-velocity model that

accurately predicts the surface waves recorded in a heterogeneous S-velocity model. But

in practice, FWI easily gets stuck in a local minimum due to the strongly dispersive na-

ture of surface waves and an inadequate initial velocity model. To mitigate this problem,
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Pérez Solano et al. (2014) changed the misfit function of FWI into the l2 misfit of magni-

tude spectra of surface waves, and their synthetic data results showed this to be an effective

method for reconstructing the S-wave velocity model at the near surface. Until now there

are few studies to assess the full benefits and limitations of this method so its effectiveness

on a wider variety of data sets is still to be determined.

To combine the inversion of both surface waves with body waves, Yuan et al. (2015)

developed a wavelet multi-scale adjoint method for the joint inversion of both surface and

body waves. The efficacy of this method is validated with synthetic data. However, further

studies are needed to assess its robustness in convergence. To enhance robustness, layer

stripping FWI of surface waves was presented by Masoni et al. (2016) who first invert

the high-frequency and near-offset data for the shallow S-velocity model, and gradually

incorporates lower-frequency data with longer offsets to estimate the deeper parts of the

model. This procedure partly mitigates the local minima problem. All of these methods,

however, are still under development and require more tests to fully understand their relative

benefits and limitations.

To avoid the assumption of a layered medium and also mitigate FWI’s sensitivity to the

local minima, Li and Schuster (2016) and Li et al. (2017c) proposed a new surface-wave

dispersion inversion method, which is denoted as wave-equation dispersion inversion (WD).

The WD method skeletonizes the complicated surface-wave arrivals as simpler data, namely

the picked dispersion curves in the wavenumber-angular frequency (k − ω) domain. These

curves are obtained by applying a combination of temporal Fourier and spatial Radon trans-

forms to the Rayleigh waves recorded by vertical-component geophones. The sum of the

squared differences between the wavenumbers along the predicted and observed dispersion

curves is used as the objective function, and solutions to the elastic wave equation and an
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iterative optimization method are then used to invert these curves for the S-wave velocity

models. Numerical tests on the 2D synthetic and field data show that WD can accurately

reconstruct the S-wave velocity distributions in laterally heterogeneous media. The WD

method also enjoys robust convergence because the skeletonized data, namely the disper-

sion curves, are simpler than traces with many dispersive arrivals. The penalty, however,

is that the inverted S-velocity model has lower resolution than a model that accurately fits

both the waveform and phase information. Recently, Fu et al. (2018a) showed that only in-

verting the phase information and ignoring the amplitudes gives almost the same resolution

as obtained by full waveform inversion.

In this paper, we extend the 2D WD method to invert dispersion curves for the 3D

S-wave velocity model that accounts for strong velocity variations in all three dimensions.

After the introduction, we describe the theory of 3D WD and its implementation. We

also discuss the procedure for estimating a good initial model for 3D WD: first use the

1D dispersion-curve inversion method and then use the 2D WD method. Numerical tests

on synthetic and field data are presented in the third section to validate the theory. The

limitations of the proposed method are discussed in the fourth section and the summary is

given in the last section.

THEORY

Let d(g, t) denote a shot gather of vertical particle-velocity traces recorded by the receiver

on the surface at g = (xg, yg, 0). The surface waves are excited by a vertical-component

force on the surface at s = (xs, ys, 0), where the horizontal recording plane is at z = 0. We

will assume that the effects of attenuation on the dispersion curves are insignificant. But, if

important, such effects can be accounted for by using solutions to viscoelastic wave equation
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(Li et al., 2017a,b). Assume the data have been filtered so that d(g, t) only contains the

fundamental mode of Rayleigh waves. A 3D Fourier transform is then used to transform

d(g, t) into D̃(k, ω) in the k − ω domain:

D̃(k, ω) =

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
d(g, t)e−i(k·g+ωt)dgdt (1)

=

∫ ∞

−∞

∫ ∞

−∞
D(g, ω)e−ik·gdg

where dg = dxgdyg and D(g, ω) represents the data in the space-frequency (x−ω) domain.

Here, the z = 0 notation is silent. The wavenumber vector k = (kx, ky) can be represented

in polar coordinate as (k, θ), where θ = arctan
ky
kx

is the azimuth angle and k =
√

k2x + k2y

is the radius. Following this notation, the Fourier transformed data D̃(k, ω) are denoted as

D̃(k, θ, ω). We skeletonize the spectrum D̃(k, θ, ω) as the dispersion curves associated with

the fundamental mode of the Rayleigh waves, which are the wavenumbers κ(θ, ω) obtained

by picking the (k, θ, ω) coordinates of the fundamental dispersion curve.∗ This curve is

recognized as the maximum magnitude spectrum D̃(k, θ, ω) along the azimuth angle θ and

is denoted as κ(θ, ω)obs for the observed data. In this paper, we assume that the dispersion

curves are those for Rayleigh waves recorded by vertical-component geophones, but this

approach is also valid for Love waves or guided waves at the near surface (Li et al., 2018b).

Misfit Function

The 3D WD method inverts for the S-wave velocity model that minimizes the objective

function J of the dispersion curve:

J =
1

2

∑
ω

∑
θ

[

residual=∆κ(θ,ω)︷ ︸︸ ︷
κ(θ, ω)pre − κ(θ, ω)obs]

2 + penalty term, (2)

∗Higher-order modes can also be picked and inverted.
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where the penalty term can be any model-based function that penalizes solutions far from

an apriori model. Here, κ(ω, θ)pre represents the predicted dispersion curve picked from

the simulated spectrum along the azimuth angle θ and κ(ω, θ)obs describes the observed

dispersion curve obtained from the recorded spectrum along the azimuth θ. For pedagogical

clarity, we will ignore the penalty term in further manipulations of the objective function.

The gradient γ(x) of J with respect to the S-wave velocity vs(x) is given by

γ(x) =
∂J

∂vs(x)
=

∑
ω

∑
θ

∆κ(θ, ω)
∂κ(θ, ω)pre
∂vs(x)

, (3)

so that the optimal S-wave velocity model vs(x) is obtained from the steepest-descent

formula (Nocedal and Wright, 2006)

vs(x)
(k+1) = vs(x)

(k) − α
∑
θ

∑
ω

∆κ(θ, ω)
∂κ(θ, ω)pre
∂vs(x)

, (4)

where α is the step length and the superscript (k) denotes the kth iteration. In practice, a

preconditioned conjugate gradient method is preferred for faster convergence.

Connective Function

The Fréchet derivative
∂κ(θ,ω)pre
∂vs(x)

in equation 3 is derived by forming a connective function

that relates the dispersion curve κ(θ, ω)pre to the S-wave velocity model vs(x) (Luo and

Schuster, 1991a,b; Li et al., 2017d; Lu et al., 2017; Schuster, 2017). This connective function

Φ(κ, vs(x)) is defined as the cross-correlation between the predicted D̃(k, θ, ω) and observed

D̃(k, θ, ω)obs spectra along a specified azimuth θ at frequency ω in the k− ω domain:

Φ(κ, vs(x)) = R

{∫
D̃(k + κ, θ, ω)∗obsD̃(k, θ, ω)dk

}
, (5)

where R denotes the real part and the superscript ∗ stands for the complex conjugation.

Here, κ is an arbitrary wavenumber shift between the predicted and observed spectra at
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frequency ω and along the azimuth angle θ. We seek the value of κ that shifts the pre-

dicted spectrum D̃(k, θ, ω) so that it “best” matches the observed spectrum D̃(k, θ, ω)obs.

The criterion for “best” match is defined as the wavenumber residual ∆κ that maximizes

the cross-correlation function Φ(κ, vs(x)) in equation 5 and the predicted data D̃ is an

implicit function of the shear-velocity model vs(x). In this case, the derivative of the cross-

correlation function Φ with respect to the wavenumber shift κ should be zero at ∆κ:

Φ̇(κ, vs(x))|κ=∆κ = R

{∫
˙̃D(k +∆κ, θ, ω)∗obsD̃(k, θ, ω)dk

}
= 0, (6)

where ˙̃D(k + ∆κ, θ, ω)obs = ∂D̃(k+κ,θ,ω)obs
∂κ |κ=∆κ. Equation 6 connects the S-wave velocity

model with the dispersion curve which will be used to derive the Fréchet derivative ∂κ
∂vs(x)

.

Fréchet Derivative

For equation 6, the implicit function theorem (Luo and Schuster, 1991a,b; Li et al., 2017d;

Lu et al., 2017; Schuster, 2017) implies that ∆κ is an implicit function of vs(x) so that

dΦ̇ =
∂Φ̇

∂vs(x)
dvs(x) +

∂Φ̇

∂∆κ
d∆κ = 0. (7)

Rearranging this equation gives the Fréchet derivative

∂∆κ

∂vs(x)
=

∂κpre
∂vs(x)

= −∂Φ̇/∂vs(x)

∂Φ̇/∂∆κ
, (8)

where the denominator is the normalization term

A = R

{∫
¨̃D(k +∆κ, θ, ω)∗obsD̃(k, θ, ω)dk

}
, (9)

and the numerator is

∂Φ̇(∆κ, vs(x))

∂vs(x)
= R

{∫
˙̃D(k +∆κ, θ, ω)∗obs

∂D̃(k, θ, ω)

∂vs(x)
dk

}
. (10)
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Plugging equations 9 and 10 into equation 8 gives the Fréchet derivative

∂κpre
∂vs(x)

= −∂Φ̇/∂vs(x)

∂Φ̇/∂∆κ
= −

R

{∫
˙̃D(k +∆κ, θ, ω)∗obs

∂D̃(k, θ, ω)

∂vs(x)
dk

}
A

. (11)

[Figure 1 about here.]

The integral with respect to the wavenumber k in equation 11 can be transformed into

an integral with respect to the receiver location g (see Appendix A), so that equation 11

becomes

∂κpre
∂vs(x)

= −
R

{∫
dg

∂D(g, ω)

∂vs(x)
D̂(g, θ, ω)∗obs

}
A

, (12)

whereD(g, ω) is the inverse Fourier transform of D̃(k, θ, ω), and D̂(g, θ, ω)∗obs is the weighted

conjugated data function defined in equation A-2:

D̂(g, θ, ω)∗obs = 2πig · neig·n∆κ

∫
C
D(g′, ω)∗obsdg

′. (13)

Here, n = (cos θ, sin θ) and C is the line (g′ − g) · n = 0. Figure 1 depicts the procedure

for calculating the weighted conjugated data D̂(g, θ, ω)∗obs.

For equation 12, ∂D(g,ω)
∂vs(x)

can be obtained according to the Born approximation of elastic

waves (see Appendix B):

∂D(g, ω)

∂vs(x)
= 4vs0(x)ρ0(x)

{
G3k,k(g|x)Dj,j(x, ω)−

1

2
G3n,k(g|x)

[
Dk,n(x, ω) +Dn,k(x, ω)

]}
,

(14)

where vs0(x) and ρ0(x) are the reference S-velocity and density models, respectively, at

location x. Di(x, ω) denotes the i
th component of the particle velocity recorded at x due to

a vertical-component force. Einstein notation is assumed in equation 14 where Di,j =
∂Di
∂xj
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for i, j ∈ {1, 2, 3}. The 3D harmonic Green’s tensor G3j(g|x) is the particle velocity at

location g along the jth direction due to a vertical-component force at x in the reference

medium.

Gradient Update

Plugging equations 12 and 14 into equation 3 gives the final expression of the gradient:

γ(x) =
∂J

∂vs(x)
= −

∑
ω

4vs0(x)ρ0(x)

A
R

{
backprojected data=Bk,k(x,s,ω)

∗︷ ︸︸ ︷∫ ∑
θ

∆κ(θ, ω)D̂(g, θ, ω)∗obsG3k,k(g|x)dg

source=fj,j(x,s,ω)︷ ︸︸ ︷
Dj,j(x, ω)

backprojected data=Bn,k(x,s,ω)
∗︷ ︸︸ ︷

−1

2

∫ ∑
θ

∆κ(θ, ω)D̂(g, θ, ω)∗obsG3n,k(g|x)dg

source=fn,k(x,s,ω)︷ ︸︸ ︷[
Dk,n(x, ω) +Dn,k(x, ω)

]}
, (15)

where fi,j(x, s, ω) for i and j ∈ {1, 2, 3} is the downgoing source field at x, and Bi,j(x, s, ω)

for i and j ∈ {1, 2, 3} is the backprojected scattered field at x. The above equation indicates

that the gradient is computed by a weighted zero-lag correlation of the source-side and

receiver-side wavefield.

From equation 15, we can see that the back-propagated data (adjoint source) for azimuth

angle θ in the time domain is

D̄(θ, g, t) = F−1(∆κ(θ, ω)D̂(g, θ, ω)obs), (16)

where F−1 is the inverse Fourier operator in the frequency domain. Plugging equation 15
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into equation 4 gives the steepest-descent formula for updating the S-wave velocity model:

vs(x)
(k+1) = vs(x)

(k)+

α
∑
ω

4vs(x)ρ(x)

A
R

{
Bk,k(x, s, ω)

∗fj,j(x, s, ω) +Bn,k(x, s, ω)
∗fn,k(x, s, ω)

}
. (17)

WORKFLOW AND IMPLEMENTATION

The workflow for implementing the 3D WD method is summarized in the following six

steps.

1. Remove the first-arrival body waves and higher-order modes of the Rayleigh waves in

the shot gather (Li et al., 2017c).

2. Determine the range of the azimuth angles θ for each shot gather.

3. Apply a 3D Fourier transform to the predicted and observed common shot gather

(CSG) to compute the dispersion curves κ(θ, ω) and κ(θ, ω)obs along each azimuth

angle θ. Calculate the sum of the squared dispersion residuals in equation 2.

4. Calculate the weighted conjugated data D̂(g, ω)∗obs according to equation 13, which

is then used for constructing the backprojected data D̄(θ, g, t) in equation 16. The

source-side wavefield fi,j(x, s, ω) in equation 15 is also computed by a finite-difference

solution to the 3D elastic wave equation.

5. Calculate and sum the gradients for all the shot gathers. Source illumination is

sometimes needed as a preconditioner (Plessix and Mulder, 2004).

6. Calculate the step length and update the S-wave tomogram using the steepest-descent

or conjugate gradient methods. In practice we use a conjugate gradient method.
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3D Dispersion Curves for 3D Data

[Figure 2 about here.]

[Figure 3 about here.]

This sub-section describes how to compute the 3D dispersion curves of a shot gather.

Here, we assume a 3D seismic survey (Boiero et al., 2011), where either shots or receivers

are located on a dense areal grid (Figure 2). Figures 3a and 3b depict a CSG recorded by

an array of geophones and its spectrum respectively. The frequency slice of the spectrum

at 50 Hz is displayed in Figure 3c, which shows that the dispersion curves are distinct only

along a range of azimuth angles, denoted as the ”dominant azimuth angles”. For example,

the dispersion curve along θ1 is much more pronounced than that along θ2 because there

are more seismic geophones along the θ1 direction. In practice, the dominant angles can be

determined by the following two steps:

• Calculate the distances H(θ) from the source point to all the geophones along the

boundary of the acquisition zone. The maximum distance is denoted as Hmax. Figure

4a shows the lines from the source point to the geophones along the boundary.

• Define the ratio R(θ) as

R(θ) =
H(θ)

Hmax
. (18)

The azimuth angle θ is the dominant angle when R exceeds a threshold value R0. For

example, Figure 4b shows the dominant azimuth angles for the source in Figure 4a

by setting R0 = 0.6. The threshold value R0 is selected by trial and error.

[Figure 4 about here.]
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After determining the dominant azimuth angles, we can pick the maximum values along

these angles from the dispersion curves. Figure 3c shows the picked dispersion curves (red

circles) for a frequency slice, and the whole dispersion surface is depicted in Figure 3d. An

efficient machine learning algorithm can be used to pick the dispersion curves (Li et al.,

2018a).

Initial Model for 3D WD

Figure 5 shows the workflow for calculating the initial model used with 3D WD. First, we

extract 2D in-line profiles from the 3D data set and retrieve their Rayleigh wave dispersion

curves. Then, a pseudo 1D S-velocity model is obtained from the dispersion curves and

the result is the initial model for the next iteration of inverting the dispersion curves. The

depth z and velocity value vs of the pseudo 1D S-velocity model are calculated by scaling

the wavelength λ and phase velocity c with factors of 0.5 and 1.1, respectively (O’Neill and

Matsuoka, 2005),

z = 0.5λ, vs = 1.1c.

We use SURF96, a dispersion-curve inversion code developed by Herrmann (2013), to invert

the dispersion curves for the 1D S-velocity models. By interpolating the 1D S-velocity

models, a 2D S-velocity model can be computed, which then serves as the starting model

for 2D WD (Li and Schuster, 2016; Li et al., 2017c). Finally, We interpolate the 2D WD

tomograms to obtain a starting model for 3D WD.

[Figure 5 about here.]
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NUMERICAL EXAMPLES

In this section, the 3D WD inversion method is evaluated with synthetic and field data

examples including data associated with 1) a simple checkerboard model, 2) the complex

3D Foothills model, and 3)a surface seismic experiment carried out near the Qademah area

north of KAUST.

In the synthetic examples, the observed and predicted data are generated by an O(2,8)

time-space-domain solution to the first-order 3D elastic wave equation with a free-surface

boundary condition (Graves, 1996). For 3D WD, only the S-wave velocity model is inverted

and the true P-wave velocity model is used for modeling the predicted surface waves. The

density model is homogeneous with ρ =2000 kg/m3 for all synthetic models and the source

wavelet is a Ricker wavelet, for the synthetic data. For the field data, the source wavelet is

estimated from the direct arrivals. The fundamental dispersion curves associated with each

shot gather are picked along the dominant azimuth angles, where the dominant azimuth

angle is defined in equation 18 and the dispersion curves are picked for amplitudes above

a specified threshold value R0. For each iteration, source-side illumination compensation is

used as a preconditioner (Plessix and Mulder, 2004; Feng and Schuster, 2017) for the WD

gradient:

γpre(x) =
1∑

t,s

√
D2

1(t,x, s) +D2
2(t,x, s) +D2

3(t,x, s)
γ(x), (19)

where Di(t,x, s) is the i
th component of the wavefield at x generated by the source located

at s.
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Checkerboard Test

The 3D checkerboard model shown in Figure 6a is used to test the 3D WD method. The

depth slice at z = 6 m of the model is shown in Figure 6b where the values of the high

and low S-velocities are 690 m/s and 510 m/s, respectively. The initial S-velocity model

is homogeneous with vs = 600 m/s. The P velocity is set to be vp =
√
3vs. 100 vertical-

component shots are uniformly distributed on a 10 × 10 source grid with an interval of 12

m along both the x and y directions. Each shot gather is recorded by a 40 × 40 receiver

array with a 3 m spacing. The center frequency of the source wavelet is 30 Hz.

[Figure 6 about here.]

For the source located at s = (60, 0, 0) m, the adjoint-source wavefield D̄(θ, g, t) with

θ = 90◦ is shown in Figure 7a, where the length r1 of the receiver spread is 80 m. This

adjoint source can be interpreted as a plane-wave source with the azimuth angle of 90◦.

The associated gradient at the depth slice z = 6 m is shown in Figure 7b. Figures 7c and

7d show the accumulated adjoint-source wavefield
∑

θ D̄(θ, g, t) for all the azimuth angles

from 0◦ to 180◦ with an interval of 5◦ and its gradient at z = 6 m, respectively.

The choice of the maximum source-receiver offset will affect the inversion results. For

example, if we change the maximum source-receiver offsets r1 to the values 40 m and 120

m, the associated depth slices of the gradients are shown in Figures 8a and 8b, respectively.

The comparison suggests that the small offset value gives better horizontal resolution than

that of the long offset value, yet, the longer offset value will lead to deeper velocity updates

(Pérez Solano et al., 2014). As a rule of thumb, surface-wave methods can be sensitive to S-

velocities down to a depth of about one-half of the total aperture of the receiver array (Foti
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et al., 2014). To make sure that WD has enough penetration depth and lateral resolution,

we usually choose r1 to be about two or three times greater than the interested penetration

depth.

Next, we reset the length of the receiver spread to be 40 m and repeat the 3D WD

computations. The fundamental dispersion curves for each shot gather are picked along

the dominant azimuths from 0◦ to 360◦ with an interval of 10◦ in the kx − ky − f domain.

For example, Figure 9 shows the observed dispersion curves from the CSGs for the sources

located at points A, B, C and D marked in Figure 6b, where the black dashed lines represent

the contours of the observed dispersion curves. The cyan dash-dot lines in Figure 9 represent

the contours of the initial dispersion curves.

Figure 6c displays the inverted S-wave velocity model after 10 iterations, and one of its

depth slices at z = 6 m is shown in Figure 6d, which agrees well with the true model. The

contours of the predicted dispersion curves for the sources at A, B, C and D are represented

by the red lines in Figure 9, which correlate well with the contours of the observed dispersion

curves. After 10 iterations, the normalized misfit residual decreases to 2.8% of the starting

value at the first iteration.

Figure 10 compares the depth slices of the true and the inverted tomograms at z= 15 m

and 24 m. It is evident that the deep part of the velocity model is less updated compared

to the shallow part. This indicates that the sensitivity of surface waves to the S-velocity

decreases with depth.

[Figure 7 about here.]

[Figure 8 about here.]
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[Figure 9 about here.]

[Figure 10 about here.]

[Figure 11 about here.]

Modified Foothills Model

The modified 3D Foothills S-wave velocity model is shown in Figure 11a, and the P-wave

velocity is defined as vp =
√
3vs. The physical size of the velocity model is 1.2 km in the x

and y directions and is 80 m deep in the z direction. An array of geophones is distributed

on the surface, where 3600 receivers are arranged in 60 parallel lines along the x direction

and each line has 60 receivers. The in-line and cross-line receiver intervals are both 20 m.

There are 400 vertical-component shots distributed on a 20×10 grid with source intervals

of 60 m and 120 m in the x and y directions, respectively. The peak frequency of the source

is 15 Hz and the observed data are recorded for 0.90 seconds with a 0.3 ms sampling rate.

To construct the initial velocity model, we follow the workflow shown in Figure 5. Ten

2D in-line data sets are extracted from the 3D data set. We take the second line as an

example, and all the sources on this line are located at y = 120 m. The vertical slice of the

true S-velocity model at y = 120 m is shown in Figure 12a, where the locations of the first

and last sources are indicated by the left-hand-side (LHS) and right-hand-side (RHS) black

stars, respectively. The black horizontal lines near the stars represent the receiver spreads

used to calculate the dispersion curves.

First, an initial model is obtained by applying the 1D inversion method to the dispersion

curves. In Figure 13a, the dispersion curve for the first CSG from the 2D line at y = 120
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m is shown as the blue solid line. The pseudo 1D S-velocity model is displayed as the blue

dashed line in Figure 13b. We use SURF96 (Herrmann, 2013) to invert for the 1D velocity

model (see the red solid line in Figure 13b). The predicted dispersion curve is shown as the

red triangle line in Figure 13a, which matches well with the observed one. The inverted 1D

depth profile is assumed at the middle of the receiver spreads, marked by the black solid

circles in Figure 12. For comparison with the 3D tomogram by 3D WD, the inverted 1D

model is interpolated as the 3D tomogram shown in Figure 11b.

The interpolated 1D profiles (see Figure 12b) are used as the starting model for 2D

WD. Figure 12c shows the inverted 2D model at y = 120 m. Figures 14a and b show the

observed dispersion curves for all of the 2D shot gathers at y = 120 m along the azimuth

angles of θ = 0◦ and θ = 180◦, respectively, where the black dashed lines, the cyan lines and

the red dash-dot lines represent the contours of the observed, initial and inverted dispersion

curves, respectively. All ten inverted 2D models are interpolated to form a 3D tomogram

(Figure 11c), which is the starting model for 3D WD.

During the workflow of 3D WD, the fundamental dispersion curves for each shot gather

are picked along the dominant azimuths from 0◦ to 360◦ with an interval of 3◦ in the

kx−ky−f domain. For example, Figure 15 shows the observed dispersion curves calculated

from the CSGs for the sources located at points A, B, C and D indicated in Figure 11a,

where the black dashed lines represent the contours of the observed dispersion curves. The

cyan lines represent the contours of initial dispersion curves.

Figure 11d displays the inverted S-wave velocity model, and its 2D slices at y = 120

m are shown in Figure 12d. Figure 16 shows the corresponding depth slices at z = 20 m

for the models shown in Figure 11. The contours of the predicted dispersion curves for the
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sources at A, B, C and D are represented by the red dash-dot lines in Figure 15, which

agree better with the contours of the observed dispersion curves.

Figures 17 show the root-mean-square deviation between the true model and the inverted

models by the 1D inversion, 2D WD and 3D WD methods. Compared with the 1D inversion

and 2D WD methods, the root-mean-square deviation of the 3D WD is less than 35 percent

and 22 percent less, respectively.

Figure 18 compares the observed (red) and synthetic (blue) traces at far source-receiver

offsets predicted from the initial and inverted models for (a) and (b) with CSG No.1, and (c)

and (d) with CSG No.15. It can be seen that the synthetic waveforms computed from the

3D WD tomogram more closely agree with the observed ones compared to those computed

from the 2D WD velocity model.

Mitigating Cycle Skipping by WD

We will show that WD is less sensitive to cycle skipping compared to FWI by using the

synthetic 2D model shown in Figure 12a. Figure 19a displays the initial model, which is

far from the true model. The S-velocity tomogram is shown in Figure 19b. Figure 20

compares the observed (red) and synthetic (blue) seismograms predicted from the initial

model (LHS panels) and the inverted model (RHS panels) for CSG No.1. We can see

that the synthetic seismograms from the initial model have a time delay greater than half

of the period of wavelet, which can lead to cycle skipping when using FWI (Virieux and

Operto, 2009). However, the synthetic waveforms computed from the WD tomogram closely

agree with the observed ones, which indicates that WD can sometimes mitigate the cycle

skipping problem of FWI. This seems reasonable because, similar to wave-equation travel
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time inversion (WT) (Luo and Schuster, 1991a,b), WD computes a simple dispersion curve

to explain the observed seismogram and does not get confused with neighboring curves in

FWI.

[Figure 12 about here.]

[Figure 13 about here.]

[Figure 14 about here.]

[Figure 15 about here.]

[Figure 16 about here.]

[Figure 17 about here.]

[Figure 18 about here.]

[Figure 19 about here.]

[Figure 20 about here.]

[Figure 21 about here.]

Qademah Fault Seismic Data

A 3D land survey was carried out along the Red Sea coast over the Qademah fault system,

about 30 km north of the KAUST campus and the location is shown on the Google map
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in Figure 21a (Hanafy, 2015). The survey consisted of 288 receivers arranged in 12 parallel

lines, and each line has 24 receivers. The inline receiver interval is 5 m and the crossline

interval is 10 m, and the source is a 40 kg weight drop striking a metal plate on the ground

next to each geophone position. The receiver geometry is shown in Figure 21b, where one

shot is fired at each receiver location for a total of 288 shot gathers. The observed data

were recorded for 0.7 seconds with a 4 ms sampling rate. The following processing steps

are first applied to the data:

• Each trace is normalized to compensate for the effects of attenuation and geometrical

spreading. The traces of CSG No. 12 in the first line before and after amplitude

compensation are shown in Figures 22a and 22b, respectively.

• All other arrivals but the fundamental-mode Rayleigh waves are masked in the CSG

by a muting window, the length of the window is marked by the red dashed lines in

Figure 22b.

The dispersion images shown in Figures 22c and 22d are computed by the frequency-

sweeping method (Park et al., 1998), where the red asterisks represent the maximum value

for each frequency. A false high-mode dispersion curve can be observed clearly on the top-

right area, which is caused by the spatial aliasing due to the large receiver interval. The

observed dispersion curves (see the blue lines) are picked and used for inversion. Figure 23

shows the observed dispersion curves for all of the 2D CSGs at the first line, where the black

dashed lines represent the contours of the observed dispersion curves. At certain frequency

ranges, it is difficult to pick the dispersion curves because of the low signal-to-noise ratio of

the data so that some dispersion curves are missing in Figure 23.
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Evaluation of the accuracy of the picked dispersion curves is important. A reciprocity

test is needed to determine if the dispersion curves of a shot gather are the same as those

of a receiver gather at the same location. The schematic diagram of the reciprocity test is

shown in Figure 24.

We first apply the 1D inversion method to invert the dispersion curves. For example,

the dispersion curve for the 12th CSG from the first line is shown as the solid blue line

in Figure 25a. The pseudo 1D S-velocity model is displayed as the blue dashed line in

Figure 25b. SURF96 (Herrmann, 2013) is used to invert for the 1D velocity model (see the

red solid line in Figure 25b). The predicted dispersion curve is shown as the red triangle

line in Figure 25a. The inverted 1D depth profile is assumed to be at the middle of the

receiver spread. The 1D velocity profiles are interpolated as the starting model for 2D WD,

which is shown in Figure 26a. For comparison with the 3D WD tomogram, we interpolated

the 1D velocity profiles as the 3D model shown in Figure 27a.

Then, we apply 2D WD to invert for the 2D velocity model along the twelve lines.

Figures 26a and 26b show the initial and inverted S-velocity models beneath the first line.

The cyan lines in Figure 23 represent the contours of the initial dispersion curves. The

contours of the predicted dispersion curves are represented by the red dash-dot lines in

Figure 23, which more closely agree with the contours of the observed dispersion curves.

The twelve inverted 2D S-velocity models are then interpolated to obtain an initial

velocity model (see Figure 27b) for 3D WD. For each shot gather, only the receivers within

the distance r1 = 50 m from the source are used to retrieve the dispersion curves. The

frequency range used in WD is from 20 Hz to 60 Hz. Figure 28 displays the fundamental

dispersion curves calculated from the CSGs for the sources located at A, B, C and D,
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which are indicated in Figure 21. Here the black dashed lines represent the contours of the

observed dispersion curves. The contours of the initial dispersion curves are represented by

the cyan lines in Figure 28.

The S-wave velocity tomogram is shown in Figure 27c, where the red line labeled with

“F1” indicates the location of the interpreted Qademah fault† and the red line labeled with

“F2” refers to a possible small antithetic fault. The low-velocity anomaly between the two

faults is interpreted as a colluvial wedge labeled with “CW”. The red dash-dot lines in

Figure 28 show the predicted κ(ω) curves calculated from the CSGs with sources located at

A, B, C and D indicated in Figure 21. It is evident that the WD tomogram has decreased

the differences between the initial and observed dispersion curves.

To further test the accuracy of the 3D tomogram, Figures 29 show the comparison

between the observed (blue) and synthetic (red) traces at far offsets predicted from the

initial model (LHS panels) and 3D tomogram (RHS panels) for (a) and (b) with CSG No.

9, and (c) and (d) with CSG No. 105. Here, a matched filter is applied to reshape the

synthetic waveform. We can see that the predicted fundamental-mode surface waves closely

match the observed ones. Figure 30 shows the common offset gathers (COGs) with the

offset of 30 m for several 2D CSGs, where the blue and red wiggles represent the observed

and predicted COGs, respectively. The predicted COGs are consistent with the raw data.

The slices of the S-wave velocity tomogram are shown in Figure 31a and the dashed

lines indicate the locations of the conjectured Qademah fault. The low-velocity zone (LVZ)

in Figure 31a next to the conjectured fault is consistent with the downthrown-side of an

interpreted normal fault. The LVZ is also consistent with the reflectivities of the migration

†The low-velocity zone in this tomogram is interpreted as a fault.
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image (Liu et al., 2016, 2017) indicated by the blue zone next to the dashed fault in Figure

31b. Figure 32 compares the 2D zoom view of the tomogram, migration image and COG,

in which the LVZ of the tomogram is consistent with the location of the delay in the

COG arrivals and the reflectivity of the migration image. This observation improves our

confidence in the accuray of the S-wave velocity tomogram.

[Figure 22 about here.]

[Figure 23 about here.]

[Figure 24 about here.]

[Figure 25 about here.]

[Figure 26 about here.]

[Figure 27 about here.]

[Figure 28 about here.]

[Figure 29 about here.]

[Figure 30 about here.]

[Figure 31 about here.]

[Figure 32 about here.]
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DISCUSSION

The lateral resolution of the WD tomogram is related to the length of the receiver spread.

Different receiver-spread lengths can lead to different lateral-resolution limits of the retrieved

dispersion curves (Mi et al., 2017; Bergamo et al., 2012). A wide receiver-spread for a

specific azimuth angle can lead to poor lateral resolution along the azimuth angle of the

gradient(Figure 8), but can provide a deep penetration depth (Foti et al., 2014). These

resolution limits suggest a possible multiscale strategy: use the long-offset and low-frequency

data to update the deep areas and use the short-offset and high-frequency data to update

the shallow regions.

In our work we assumed that the effects of attenuation on dispersion curves are in-

significant. However, if the attenuation is important and the attenuation model is known,

the effects can be accounted for by solving the visco-elastic wave equation to compute the

theoretical dispersion curves. For example, in the fault zones, attenuation is typically quite

significant near the surface and in damaged faulted-zone layers, which can modify consider-

ably the dispersion curves (Peng et al., 2003). Instead of inverting just for velocity, the WD

method can be modified to invert for both the velocity and attenuation models (Li et al.,

2017a,b). In this case the visco-elastic wave equation and its numerical solutions must be

computed to estimate the gradients for the attenuation parameters. However, there is an

inherent non-uniqueness problem is inverting for both velocity and attenuation models, so

it is likely that both dispersion curves and normalized amplitudes should be used as input

data.

A limitation of 3D WD is that the fundamental dispersion curves must be picked for

each shot gather. This process can be prone to errors when there is a strong overlap with
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higher-order modes (Li et al., 2017c) or there is spatial and temporal aliasing due to large

spatial and temporal sampling intervals. A supervised machine learning method (Li et al.,

2018a) can be used to expedite the picking of dispersion curves for large data sets. In

addition, guided waves that are trapped in near-surface wave guides can be inverted by 3D

WD for the near-surface P-velocity model (Li et al., 2018b).

CONCLUSIONS

We extend the 2D WD methodology to 3D, where the objective function is the sum of the

squared differences between the wavenumbers along the predicted and observed dispersion

curves for each azimuth angle. The Fréchet derivative with respect to the 3D S-wave

velocity model is derived by the implicit function theorem. The WD gradient is calculated

by correlating the back-propagated wavefield with the forward-propagated source field in

the model based on the Born approximation in an isotropic, elastic reference earth model.

We provide a comprehensive approach to build the initial model for 3DWD, which starts

from the pseudo 1D S-velocity model, which is then used to get the 2D WD tomogram,

which in turn is used as the starting model for 3D WD. Our numerical results from both

synthetic and field data show that the 3D WD method can reconstruct the 3D S-wave

velocity tomogram for a laterally heterogeneous medium so that the predicted surface waves

closely match the observed ones for the fundamental modes. This suggests that the WD

result can serve as a good starting model for surface-wave FWI. The 3D WD method can

be easily adapted to also invert the higher-order modes for a more detailed velocity model.

In addition, guided waves that are trapped in near-surface wave guides can be inverted by

3d WD for the near-surface P-velocity model.
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The main limitation of 3D WD is its high computational cost, which is more than an

order of magnitude greater than that of 2D WD. However, the improvement in accuracy

compared to 2D WD can make this extra cost worthwhile when there are significant near-

surface lateral variations in the S-velocity distribution. If the attenuation is important, then

its effects can be accounted for by solving the visco-elastic wave equation to compute the

theoretical dispersion curves. To expedite the picking of dispersion curves we recommend

supervised machine learning methods that adapt to the data recorded at different sites.
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APPENDIX A

CORRELATION IDENTITY

The integrand in equation 10 can be replaced by its Fourier transform (Li et al., 2017c)

˙̃D(k +∆κ, θ, ω)obs = −
∫ ∫

i(x′g cos θ + y′g sin θ)

D(x′g, y
′
g, ω)obse

−i(k+∆κ)(cos θx′
g+sin θy′g)dx′gdy

′
g,

D̃(k, θ, ω)pre =

∫ ∫
D(xg, yg, ω)pree

−ik(cos θxg+sin θyg)dxgdyg,
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to give

∂Φ̇(∆κ, vs(x))

∂vs(x)
= R

{∫ ∫
dxgdyg

[ ∫ ∫
dx′gdy

′
g

[
∫

eik(cos θ(x
′
g−xg)+sin θ(y′g−yg))dk

]
i(x′g cos θ + y′g sin θ)

D(x′g, y
′
g, ω)

∗
obse

i∆κ(cos θx′
g+sin θy′g)

]
∂D(xg, yg, ω)pre

∂vs(x)

}
= R

{∫ ∫
dxgdyg

[ ∫ ∫
dx′gdy

′
g

[
2πδ(cos θ(x′g − xg)+

sin θ(y′g − yg))
]
i(x′g cos θ + y′g sin θ)D(x′g, y

′
g, ω)

∗
obs

ei∆κ(cos θx′
g+sin θy′g)

]
∂D(xg, yg, ω)pre

∂vs(x)

}
= R

{∫ ∫
dxgdyg

∂D(xg, yg, ω)pre
∂vs(x)

2π

[
i
(xg cos θ + yg sin θ)

cos θ

ei∆κ(cos θxg+sin θyg)

∫
dy′gD(xg − (y′g − yg) tan θ, y

′
g, ω)

∗
obs

]}
= R

{∫ ∫
dxgdyg

∂D(xg, yg, ω)pre
∂vs(x)

D̂(xg, yg, ω)
∗
obs

}
, (A-1)

where the weighted conjugated data function is

D̂(g, θ, ω)∗obs = 2πi
g · n
cos θ

eig·n∆κ

∫
dy′gD(xg − (y′g − yg) tan θ, y

′
g, ω)

∗
obs, (A-2)

in which g = (xg, yg) and n = (cos θ, sin θ).

To calculate the weighted conjugated data, we first compute the integration of D(xg −

(y′g − yg) tan θ, y
′
g, ω)

∗
obs along the line x′g = xg − (y′g − yg) tan θ (see the schematic diagram

in Figure 1). The line is passing through the point x = (xg, yg) and is perpendicular to

the direction of n. We can see that the weighted conjugated data along the line are almost

identical, which means it will generate a plane-wave surface wave for the backprojected

wavefield.

Next, we will interpret the weighted conjugated data function by the stationary phase
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method. The Green’s function for the fundamental mode of Rayleigh waves excited by a

vertical-component force in the far field can be approximated as (Snieder, 2002b):

G(xg, yg, ω) ≃ A′ e
−ik

√
x2
g+y2g+iπ/4√

0.5πk
√

x2g + y2g

. (A-3)

where the source location the term A′ accounts for the source amplitude and radiation

patten for a trace at (xg, yg) by a point source at (0, 0).

Replacing D(xg, yg)obs in the equation A-2 with the Rayleigh Green’s function in the

equation A-3 and the source W (ω), we can get

D̂(g, θ, ω)∗obs = 2πiW (ω)
g · n
cos θ

eig·n∆κA′eiπ/4∫
dy′g

eikf(y
′
g)√

0.5πk
√

x2g + y2g

, (A-4)

where

f(y′g) =√
y′g

2/ cos θ − 2(xg + yg tan θ) tan θy′g + (xg + yg tan θ)2. (A-5)

According to the stationary phase approximation, for k ≫ 1, the stationary point is located

at y′g = cy so that
∂f(cy)
∂y′g

= 0 and cy = (xg cos θ + yg sin θ) sin θ. Because (x′g, y
′
g) is located

at the line: (g′ − g) · n = 0, the x coordinate of the stationary point is cx = (xg cos θ +

yg sin θ) cos θ. Then equation A-4 can be approximated as

D̂(g, θ, ω)∗obs = 2πiW (ω)
g · n
cos θ

eig·n∆κA′eiπ/4
eik(xg cos θ+yg sin θ)√
0.5k

√
x2g + y2g/π√

2πi(cos2θ(xg cos θ + yg sin θ))

k

= 2πiµg · nW (ω)eig·n∆κA′eiπ/4
eikg·n√
0.5k|g|/π

√
2πig · n

k
,

(A-6)
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where µ cos θ = | cos θ|.

APPENDIX B

ELASTIC GRADIENT

The gradient for the WD method is now derived. For an isotropic heterogeneous medium,

the Born approximation in terms of the 3D elastic Green’s functions for a harmonic source

(Snieder, 2002a) is

δDi(x, ω) = ω2

∫
Gij(x|x′)δρ(x′)Di(x

′, ω)dx′3

−
∫

Gik,k(x|x′)δλ(x′)Dj,j(x
′, ω)dx′3

−
∫

Gin,k(x|x′)δµ(x′)(Dk,n(x
′, ω) +Dn,k(x

′, ω))dx′3, (B-1)

where δDi(x, ω) denotes the ith component of the perturbed particle velocity recorded at

x due to the scattering from the perturbations of density δρ and Lamé parameters δλ and

δµ. Einstein notation is assumed in equation B-1. Di,j =
∂Di
∂xj

for i, j ∈ {1, 2, 3}. Gij is the

3D harmonic Green’s tensor (Snieder, 2002a) for the background medium with the Lamé

parameters λ and µ, and density ρ. If we assume density ρ is a constant, equation B-1

yields the derivative of δDi(x, ω) with respect to δλ and δµ at x′

δDi(x, ω)

δλ(x′)
= −Gik,k(x|x′)Dj,j(x

′, ω),

and
δDi(x, ω)

δµ(x′)
= −Gin,k(x|x′)(Dk,n(x

′, ω) +Dn,k(x
′, ω)). (B-2)

Our interest is confined to the derivative of the vertical component of the particle velocity

at g, so equation B-2 for i = 3, {1, 2, 3} → {x, y, z} and Di(x, ω) → D(g, ω) with respect
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to λ and µ at x can be written as

∂D(g, ω)

∂λ(x)
= −

(
∂Gzx(g|x)

∂x
+

∂Gzy(g|x)
∂y

+

∂Gzz(g|x)
∂z

)(
∂Dx(x, ω)

∂x
+

∂Dy(x, ω)

∂y
+

∂Dz(x, ω)

∂z

)
, (B-3)

and

∂D(g, ω)

∂µ(x)
= −2

(
∂Gzx(g|x)

∂x

∂Dx(x, ω)

∂x
+

∂Gzy(g|x)
∂y

∂Dy(x, ω)

∂y
+

∂Gzz(g|x)
∂z

∂Dz(x, ω)

∂z

)
−

(
∂Gzx(g|x)

∂z
+

∂Gzz(g|x)
∂x

)(
∂Dx(x, ω)

∂z
+

∂Dz(x, ω)

∂x

)
−

(
∂Gzx(g|x)

∂y
+

∂Gzy(g|x)
∂x

)(
∂Dx(x, ω)

∂y
+

∂Dy(x, ω)

∂x

)
−

(
∂Gzy(g|x)

∂z
+

∂Gzz(g|x)
∂y

)(
∂Dy(x, ω)

∂z
+

∂Dz(x, ω)

∂y

)
, (B-4)

where Dx(x, ω), Dy(x, ω) and Dz(x, ω) are finite-difference solutions to the 3D elastic wave

equation for the background velocity model. From the definitions vp =
√

(λ+ 2µ)/ρ and

vs =
√

µ/ρ, the Fréchet derivative of D(g, ω) with respect to vs (Mora, 1987) can be

obtained:

∂D(g, ω)

∂vs(x)
= −4vs(x)ρ(x)

∂D(g, ω)pre
∂λ(x)

+ 2vs(x)ρ(x)
∂D(g, ω)pre

∂µ(x)
(B-5)
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Inserting equations B-3 and B-4 into equation B-5 gives,

∂D(g, ω)

∂vs(x)
= 4vs(x)ρ(x)

{(∂Gzy(g|x)
∂y

+
∂Gzz(g|x)

∂z

)
∂Dx(x, ω)

∂x
+

(∂Gzx(g|x)
∂x

+
∂Gzz(g|x)

∂z

)∂Dy(x, ω)

∂y
+

(∂Gzx(g|x)
∂x

+
∂Gzy(g|x)

∂y
+

)∂Dz(x, ω)

∂z

− 1

2

(∂Gzx(g|x)
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+
∂Gzz(g|x)
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)(∂Dx(x, ω)

∂z
+

∂Dz(x, ω)

∂x

)
− 1

2

(∂Gzx(g|x)
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+
∂Gzy(g|x)

∂x

)(∂Dx(x, ω)

∂y
+

∂Dy(x, ω)
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)
− 1

2

(∂Gzy(g|x)
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+
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+

∂Dz(x, ω)

∂y

)}
. (B-6)

36

For Peer Review



LIST OF FIGURES

1 Schematic diagram showing how to calculate the weighted conjugated data
D̂(g, θ, ω)∗obs, where the red star represents the source, the black solid square
shows the geophone location at g and the red solid squares represent the geo-
phones along the line C which satisfies (g′−g) ·n = 0. For the azimuth θ and
position g, D̂(g′, θ, ω)∗obs is integrated along the dashed line with the weight-
ing term 2πiLei∆κL, where L = g · n. The blue dot at gc is the stationary
point for a homogeneous half-space, and the line integral in equation 13 can
be approximated by D(gc, ω)obs (see Appendix A for the detailed derivation). 40

2 Plan view of the areal acquisition, where the red star represents the source,
and the grid points at the line crossings represent the locations of geophones. 41

3 (a) 3D common shot gather, (b) its spectrum, and (c) frequency slice of
the magnitude spectrum at 50 Hz from (b). (d) Picked dispersion surface
according to the dominant amplitudes of the spectrum. . . . . . . . . . . . 42

4 (a) Lines from the source point located at (30 m, 30 m) to the geophones
along the boundary, and (b) R(θ) plotted against the azimuth angles. . . . 43

5 Workflow for calculating the initial S-velocity model for 3D WD. . . . . . . 44

6 (a) True S-velocity model and its (b) depth slice at z = 6 m, (c) inverted
S-velocity tomogram and (d) depth slice at z = 6 m. . . . . . . . . . . . . . 45

7 (a) Wavefields of the adjoint source for θ = 90◦ and (b) its gradient at the
depth slice z = 6 m; (c) stacked wavefields of the adjoint sources for θ from 0◦

to 180◦ and (d) the gradient at the depth slice z = 6 m, where the maximum
source-receiver offset is r1=80 m and the source is located at s = (60, 0, 0) m. 46

8 Slices of the gradient at z = 6 m for (a) r1 = 40 m and (b) r1 = 120 m. . . 47

9 The observed dispersion curves for sources (a) A, (b) B, (c) C and (d) D
marked in Figure 6b, where the black dashed lines, the cyan dash-dot lines
and the red lines represent the contours of the observed, initial and inverted
dispersion curves, respectively. . . . . . . . . . . . . . . . . . . . . . . . . . 48

10 True S-velocity depth slices at (a) z = 15 m and (b) z = 24 m; inverted
S-velocity depth slices at (c) z = 15 m and (d) z = 24 m. . . . . . . . . . . 49

11 (a) True S-velocity model, and inverted models by the (b) 1D inversion, (c)
2D WD, and (d) 3D WD methods. . . . . . . . . . . . . . . . . . . . . . . . 50

12 Slices of the (a) true, (b) 1D inversion, (c) 2D WD and (d) 3D WD S-velocity
models at y = 120 m, where the black dashed lines indicate the large velocity
contrast boundaries. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

13 1D dispersion curve inversion results by SURF96 (Herrmann, 2013): (a) the
observed (blue line) and the predicted (red triangles) dispersion curves for
CSG No. 30; (b) the initial (blue dashed line) and the inverted (red solid
line) S-velocity profiles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

37

For Peer Review



14 Observed dispersion curves along the azimuth angles of (a) θ = 0◦ and (b)
θ = 180◦ for all the 2D CSGs located at y = 120 m, where the black dashed
lines, the cyan lines and the red dash-dot lines represent the contours of the
observed, initial and inverted dispersion curves, respectively. . . . . . . . . . 53

15 Observed dispersion curves for sources (a) A, (b) B, (c) C and (d) D as
indicated in Figure 11a, where the black dashed lines, the cyan lines and the
red dash-dot lines represent the contours of the observed, initial and inverted
dispersion curves, respectively. . . . . . . . . . . . . . . . . . . . . . . . . . 54

16 Depth slices at z = 20 m of (a) the true S-velocity model and the inverted
tomograms computed by the (b) 1D inversion, (c) 2D WD and (d) 3D WD
methods, where the black dashed lines indicate the large velocity contrast
boundaries. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

17 Root-mean-square deviation (RMSD) between the inverted S-velocity models
by the 1D inversion, 2D WD and 3D WD methods and the true S-velocity
model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

18 Comparison between the observed (red) and synthetic (blue) traces at far
offsets predicted from the initial model (LHS panels) and 3D tomogram (RHS
panels) for CSG No.1 in (a) and (b), and CSG No.15 in (c) and (d). . . . . 57

19 (a) Initial and (b) inverted 2D S-velocity models. The corresponding true
model is shown in Figure 12a. Here, the black dashed lines indicate the large
velocity contrast boundaries which are the same as those in Figure 12. . . . 58

20 Comparison between the observed (red) and synthetic (blue) traces predicted
from the initial model (LHS panels, Figure 19a) and 2D tomogram (RHS
panels, Figure 19b) for CSG No.1. . . . . . . . . . . . . . . . . . . . . . . . 59

21 (a) Google map showing the location of the Qademah-fault seismic experi-
ment (Fu et al., 2018b). (b) Receiver geometry for the Qademah-fault data.
The Green triangles represent the locations of receivers, where the shots are
located at each receiver. The red star represents the location of source No.
132 and the black stars indicate the locations of sources A, B, C and D on
the surface. θ is the azimuth angle with respect to the acquisition line of
source No. 132. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

22 Seismic traces of CSG No. 12 at the first line (a) before and (b) after ampli-
tude compensation; and its dispersion images for (c) θ = 0◦ and (d) θ = 180◦. 61

23 Observed dispersion curves for (a) θ = 0◦ and (b) θ = 180◦ from all the 2D
CSGs in the first line, where the black dashed lines, the cyan lines and the
red dash-dot lines represent the contours of the observed, initial and inverted
dispersion curves, respectively. . . . . . . . . . . . . . . . . . . . . . . . . . 62

24 Quality control of the picked dispersion curves by reciprocity, where the s-
tars represent the sources, and the rectangles represent the receivers. If the
dispersion curves (red) of the CSG are the same as those (blue) computed
from the CRG at the same location, it passes the reciprocity test. . . . . . 63

38

For Peer Review



25 1D dispersion curve inversion results by SURF96 (Herrmann, 2013): (a) the
observed (blue line) and the predicted (red triangles) dispersion curves for
CSG No. 12 (see Figure 22c); (b) the initial (blue dashed line) and the
inverted (red solid line) S-velocity profiles. . . . . . . . . . . . . . . . . . . . 64

26 S-velocity tomograms from the 2D CSGs beneath the first line by the (a) 1D
inversion and (b) 2D WD methods. . . . . . . . . . . . . . . . . . . . . . . . 65

27 S-velocity tomograms inverted by the (a) 1D inversion, (b) 2D WD, and (c)
3D WD methods. The red solid line labeled by “F1” indicates the location
of the conjectured Qademah fault and the dashed red line labeled by “F2” is
conjectured to be a small antithetic fault. The low-velocity anomaly between
faults “F1” and “F2” is the conjectured colluvial wedge labeled by “CW”. 66

28 Observed dispersion curves for sources (a) A, (b) B, (c) C and (d) D indicated
in Figure 21. The black dashed lines, the cyan lines and the red dash-dot
lines represent the contours of the observed, initial and inverted dispersion
curves, respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

29 Comparison between the observed (blue) and synthetic (red) traces at far
source-receiver offsets predicted from the initial model (LHS panels) and 3D
WD tomogram (RHS panels) for CSG No.9 in (a) and (b), and CSG No.105
in (c) and (d). Here, a matched filter is applied to reshape the waveform of
the synthetic data. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

30 COGs with the offset of 30 m for the selected lines, where the blue and red
wiggles represent the observed and predicted COGs, respectively. . . . . . . 69

31 Slices of (a) the inverted S-wave velocity model, and (b) natural migration
images (Liu et al., 2017). The dashed lines indicate the location of the
interpreted Qademah fault. . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

32 (a) and (b): 2D zoom view of the dashed panels in Figure 31, compared with
(c) the COGs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

39

For Peer Review



Figure 1: Schematic diagram showing how to calculate the weighted conjugated data
D̂(g, θ, ω)∗obs, where the red star represents the source, the black solid square shows the
geophone location at g and the red solid squares represent the geophones along the line C
which satisfies (g′−g) ·n = 0. For the azimuth θ and position g, D̂(g′, θ, ω)∗obs is integrated
along the dashed line with the weighting term 2πiLei∆κL, where L = g · n. The blue dot
at gc is the stationary point for a homogeneous half-space, and the line integral in equation
13 can be approximated by D(gc, ω)obs (see Appendix A for the detailed derivation).
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Figure 2: Plan view of the areal acquisition, where the red star represents the source, and
the grid points at the line crossings represent the locations of geophones.
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(a) 3D CSG (b) Spectrum of 3D CSG

(c) Frequency Slice at 50 Hz

 

-0.123 0.1260

kx (1/m)

k
y
 (

1
/m

)

-0.123

0

0.126

Dominant 

azimuths

(d) Picked 3D κ(kx, ky)

0.126

0

-0.123

-0.123

0

0.126

kx (1/m) ky (1/m)

10

30

50

 (
H

z
)

Figure 3: (a) 3D common shot gather, (b) its spectrum, and (c) frequency slice of the
magnitude spectrum at 50 Hz from (b). (d) Picked dispersion surface according to the
dominant amplitudes of the spectrum.
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(a) 3D Array of Geophones
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Figure 4: (a) Lines from the source point located at (30 m, 30 m) to the geophones along
the boundary, and (b) R(θ) plotted against the azimuth angles.
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(a) True S-velocity Model (b) Depth Slice at z = 6 m of Model (a)
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Figure 6: (a) True S-velocity model and its (b) depth slice at z = 6 m, (c) inverted S-velocity
tomogram and (d) depth slice at z = 6 m.
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(a) Adjoint Source for θ = 90◦
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(c) Adjoint Source for θ from 0◦ to 180◦
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Figure 7: (a) Wavefields of the adjoint source for θ = 90◦ and (b) its gradient at the depth
slice z = 6 m; (c) stacked wavefields of the adjoint sources for θ from 0◦ to 180◦ and (d) the
gradient at the depth slice z = 6 m, where the maximum source-receiver offset is r1=80 m
and the source is located at s = (60, 0, 0) m.
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(a) Gradient Slice for θ = 90◦, r1 = 40 m
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(b) Gradient Slice for θ = 90◦, r1 = 120 m
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Figure 8: Slices of the gradient at z = 6 m for (a) r1 = 40 m and (b) r1 = 120 m.

47

For Peer Review



(a) Dispersion Curves for A (b) Dispersion Curves for B

(c) Dispersion Curves for C (d) Dispersion Curves for D

Figure 9: The observed dispersion curves for sources (a) A, (b) B, (c) C and (d) D marked in
Figure 6b, where the black dashed lines, the cyan dash-dot lines and the red lines represent
the contours of the observed, initial and inverted dispersion curves, respectively.
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(a) True Depth Slice at z = 15 m
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(b) True Depth Slice at z = 24 m
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(c) Inverted Depth Slice at z = 15 m

0    118.5
Y (m)

0    

118.5

X
 (

m
)

510

600

690

S
-v

el
o

ci
ty

 (
m

/s
)

(d) Inverted Depth Slice at z = 24 m
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Figure 10: True S-velocity depth slices at (a) z = 15 m and (b) z = 24 m; inverted S-velocity
depth slices at (c) z = 15 m and (d) z = 24 m.
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(a) True Model (b) Inverted Model by 1D Method

(c) Inverted Model by 2D WD (d) Inverted Model by 3D WD

Figure 11: (a) True S-velocity model, and inverted models by the (b) 1D inversion, (c) 2D
WD, and (d) 3D WD methods.

50

For Peer Review



(a) Slice of True Model at y = 120 m (b) Inverted 1D Model at y = 120 m

(c) Inverted 2D Model at y = 120 m (d) Inverted 3D Model at y = 120 m

Figure 12: Slices of the (a) true, (b) 1D inversion, (c) 2D WD and (d) 3D WD S-velocity
models at y = 120 m, where the black dashed lines indicate the large velocity contrast
boundaries.
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(a) Phase Velocity Comparison
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Figure 13: 1D dispersion curve inversion results by SURF96 (Herrmann, 2013): (a) the
observed (blue line) and the predicted (red triangles) dispersion curves for CSG No. 30; (b)
the initial (blue dashed line) and the inverted (red solid line) S-velocity profiles.
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(a) Dispersion Curves, θ = 0◦ (b) Dispersion Curves, θ = 180◦

Figure 14: Observed dispersion curves along the azimuth angles of (a) θ = 0◦ and (b)
θ = 180◦ for all the 2D CSGs located at y = 120 m, where the black dashed lines, the cyan
lines and the red dash-dot lines represent the contours of the observed, initial and inverted
dispersion curves, respectively.
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(a) Dispersion Curves for Source A (b) Dispersion Curves for Source B

(c) Dispersion Curves for Source C (d) Dispersion Curves for Source D

Figure 15: Observed dispersion curves for sources (a) A, (b) B, (c) C and (d) D as indicated
in Figure 11a, where the black dashed lines, the cyan lines and the red dash-dot lines
represent the contours of the observed, initial and inverted dispersion curves, respectively.
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(a) True S-velocity Model (b) S-velocity 1D Tomogram

(c) S-velocity 2D Tomogram (d) S-velocity 3D Tomogram

Figure 16: Depth slices at z = 20 m of (a) the true S-velocity model and the inverted
tomograms computed by the (b) 1D inversion, (c) 2D WD and (d) 3D WD methods, where
the black dashed lines indicate the large velocity contrast boundaries.
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Figure 17: Root-mean-square deviation (RMSD) between the inverted S-velocity models by
the 1D inversion, 2D WD and 3D WD methods and the true S-velocity model.
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(a) CSG No. 1
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Figure 18: Comparison between the observed (red) and synthetic (blue) traces at far offsets
predicted from the initial model (LHS panels) and 3D tomogram (RHS panels) for CSG
No.1 in (a) and (b), and CSG No.15 in (c) and (d).
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(a) Initial S-velocity Model (b) S-velocity Tomogram

Figure 19: (a) Initial and (b) inverted 2D S-velocity models. The corresponding true model
is shown in Figure 12a. Here, the black dashed lines indicate the large velocity contrast
boundaries which are the same as those in Figure 12.
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(a) CSG No. 1 (b) CSG No. 1

Figure 20: Comparison between the observed (red) and synthetic (blue) traces predicted
from the initial model (LHS panels, Figure 19a) and 2D tomogram (RHS panels, Figure 19b)
for CSG No.1.
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Figure 21: (a) Google map showing the location of the Qademah-fault seismic experiment
(Fu et al., 2018b). (b) Receiver geometry for the Qademah-fault data. The Green triangles
represent the locations of receivers, where the shots are located at each receiver. The red
star represents the location of source No. 132 and the black stars indicate the locations of
sources A, B, C and D on the surface. θ is the azimuth angle with respect to the acquisition
line of source No. 132.
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(a) Traces of CSG No. 12 at the 1st Line
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Figure 22: Seismic traces of CSG No. 12 at the first line (a) before and (b) after amplitude
compensation; and its dispersion images for (c) θ = 0◦ and (d) θ = 180◦.
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(a) Picked Dispersion Curve for θ = 0◦ (b) Picked Dispersion Curve for θ = 180◦

Figure 23: Observed dispersion curves for (a) θ = 0◦ and (b) θ = 180◦ from all the 2D CSGs
in the first line, where the black dashed lines, the cyan lines and the red dash-dot lines
represent the contours of the observed, initial and inverted dispersion curves, respectively.
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QC of Picking by Reciprocity

CSG CRG

Figure 24: Quality control of the picked dispersion curves by reciprocity, where the stars
represent the sources, and the rectangles represent the receivers. If the dispersion curves
(red) of the CSG are the same as those (blue) computed from the CRG at the same location,
it passes the reciprocity test.
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(a) Phase Velocity Comparison
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Figure 25: 1D dispersion curve inversion results by SURF96 (Herrmann, 2013): (a) the
observed (blue line) and the predicted (red triangles) dispersion curves for CSG No. 12 (see
Figure 22c); (b) the initial (blue dashed line) and the inverted (red solid line) S-velocity
profiles.

64

For Peer Review



(a) S-velocity Tomogram by 1D Method
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(b) S-velocity Tomogram by 2D WD
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Figure 26: S-velocity tomograms from the 2D CSGs beneath the first line by the (a) 1D
inversion and (b) 2D WD methods.
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(a) S-velocity Tomogram by 1D Method (b) S-velocity Tomogram by 2D WD

(c) S-velocity Tomogram by 3D WD

Figure 27: S-velocity tomograms inverted by the (a) 1D inversion, (b) 2D WD, and (c) 3D
WD methods. The red solid line labeled by “F1” indicates the location of the conjectured
Qademah fault and the dashed red line labeled by “F2” is conjectured to be a small antithetic
fault. The low-velocity anomaly between faults “F1” and “F2” is the conjectured colluvial
wedge labeled by “CW”.
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Figure 28: Observed dispersion curves for sources (a) A, (b) B, (c) C and (d) D indicated
in Figure 21. The black dashed lines, the cyan lines and the red dash-dot lines represent
the contours of the observed, initial and inverted dispersion curves, respectively.
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(a) CSG No. 9 (b) CSG No. 9

(c) CSG No. 105 (d) CSG No. 105

Figure 29: Comparison between the observed (blue) and synthetic (red) traces at far source-
receiver offsets predicted from the initial model (LHS panels) and 3D WD tomogram (RHS
panels) for CSG No.9 in (a) and (b), and CSG No.105 in (c) and (d). Here, a matched filter
is applied to reshape the waveform of the synthetic data.
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(a) COG Line 1 (b) COG Line 4

(c) COG Line 6 (d) COG Line 10

Figure 30: COGs with the offset of 30 m for the selected lines, where the blue and red
wiggles represent the observed and predicted COGs, respectively.
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Figure 31: Slices of (a) the inverted S-wave velocity model, and (b) natural migration images
(Liu et al., 2017). The dashed lines indicate the location of the interpreted Qademah fault.
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Figure 32: (a) and (b): 2D zoom view of the dashed panels in Figure 31, compared with
(c) the COGs.
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